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In this paper, the probability density of the integrated output of a PMT is approxi-
mated by the Gaussian, Rayleigh, and Gamma probability densities. The accuracy of the
approximations depends on the signal energy o: the Gamma distribution is accurate for
all o, the Rayleigh distribution is accurate for small o. (< 1 photon) and the Gaussian dis-
tribution is accurate for large o (2> 10 photons).

l. Introduction

H. H. Tan (Ref. 1) used a Markov diffusion model to deter-
mine an approximate probability density at the output of a
photomultiplier tube (PMT). The resulting expression (Eq. 66,
Ref. 1) is difficult to evaluate. Even by computer, the compu-
tational error can become serious since the number of signifi-
cant terms in the summation of Bessel functions in Eq. (66)
increases as « increases. Furthermore, in order to obtain the
probabilities of detection and false alarm for a direct detection
optical communications system (Ref. 2), this density must be
convolved with a Gaussian noise density and integrated. As a
result of these complications, three simply computed proba-
bility densities (Gaussian, Rayleigh, Gamma) will be consid-
ered as approximations to the exact density function.!

Il. Statistical Model

The input to the PMT (Fig. 1) is a pulse with power A
photons/sec of duration T, seconds. The number of photo-

Un this article, the density of Eq. (66), Ref, 1, will be called the exact
density even though it is a Markov diffusion approximation of a
Galton-Watson branching process.
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electrons emitted at the PMT cathode? during the time slot
[0, T,] is assumed to be a poisson random variable with a
mean value of a = A T,

The PMT is characterized by its average gain A4 and the
number of dynode states ». The variance of the PMT output is
248 where B = 1/2 (4 - 1)/(AY/?-1). 1t is assumed that the
bandwidth of the PMT (W,) is greater than the integration
bandwidth (W, = 1/T}); i.e., W, >> W, and consequently all
the signal energy appears at the integrated output. The sam-
pled voltage at the PMT output is (eR/T,)y where R is the
anode resistance and e = 1.6 X 10~19 coulombs. The value
y (Y = y) is a dimensionless “gain” and Y is the statistic of
interest. The probability density of Y (Eq. 66, Ref. 1) is the
combination of an impulse at ¥ = 0 and a non-impulse density,

Py(y):
Py(y) =8 +(1-)Py(y) ; y=0 (1)

where

c = et 4P-1) (2

2For the sake of simplicity in this paper, we assume that the PMT quan-
tum efficiency is unity.




lll. Approximations to the Non-Impulse
Density Px(y)

The mean and variance of the densities Py(y) and P, () are

m, = od ; m, = my/(l -0) 3)
o2
2 - 2 R R 2
o, = o(A” +24B) ; o = IR 4)

A Rayleigh approximation to the probability density £y (»)
is obtained by equating the mean values. The Gamma and
Gaussian approximations are obtained by equating the first
and second moments.

The three approximations to P,(y) and consequently
Py(y) (Egs. 1, 2) are:

1. Rayleigh Approximation

Py0) = Zexp [92/20%] 3 y >0 (%)
o
/2
g = —;mx

2.  Gamwma Approximation

z.__L b-1 ,~ay . =
PX()’) IN0) (ay) € ; ¥y=0
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3. Truncated Gaussian Approximation
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IV. Discussion

The 11-dynode (v = 11) RCA 31034 A PMT has a usable
average gain in a range from 105 to 107. The curves of
Figs. 2-6 are calculated with an average gain of 4 =106, Sev-
eral different values of o are considered. The case of o = 5.2 X
10~6 photons/slot (Fig. 2) corresponds to a typical dark cur-
rent (T, = 100 ns, A = 52 counts/sec) in the optical channel
(Ref. 2). For this case of small a (Fig. 2), the Rayleigh and
Gamma distributions reproduce the shape of the exact distri-
bution with the Gamma distribution being more accurate in
the tail regions. Figures 3-5 demonstrate some representative
light current values for the optical channel. The fidelity of the
Gamma approximation varies as a function of « and is most
accurate for a = 1 and becomes asymptotically close as «
increases. Figure 6 demonstrates the validity of the Gaussian
approximation for large . For the Rayleigh distribution, the
ratio of the mean and standard deviation is equal to a constant
since the density function depends on one parameter. Conse-
quently, the Rayleigh distribution becomes a poor approxi-
mation as the mean value increases. Figures 2-6 demonstrate
the accuracy of the Gamma distribution for all values of a.
The Rayleigh and Gaussian distributions are easily computed
functions which can be used for small and large values of o
respectively.
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Fig. 1. Model of the integrated output of a random gain PMT
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Fig. 2. Small « case: A'typical dark current of » = 52 cts/s will result
in o« = 5.2 x 10-6 photons/slot when T = 100 ns. For this case, the
probability that the output is nonzero is 5.16 x 10-6
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Fig. 3. Moderate « case: An optical channel (256-ary PPM) light
current of « = 1 photon/slot corresponds to 8 bits/photon; i.e., p =
8/« (bits/photon)

f:u —o\o—-————>

)' (volfs)




250 T T T T T T T T |
GAMMA  pROBABILITY VS GAIN
A=1E6
-
200 ALPHA = 3 photons/slot
IMPULSE = 5. 00E-2
150 |- RAYLEIGH |
% EXACT
o
X GAUSSIAN
100 _
50 _
0 | | | | | L |
0o 1 2 3 4 5 & 7 8 9 10
x10°

Fig. 4. Moderate o case: An optical channel (256-ary PPM) light
current of « = 3 photons/slot corresponds to 2.67 bits/photons; i.e.,
p = 8/« (bits/photon)
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Fig. 5. Moderate « case: An optical channel (256-ary PPM) light

current of & = 10 photons/slot corresponds to .8 bits/photons; i.e.,
p = 8/a (bits/photon)
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Fig.6. Large c case: An optical channel (256-ary PPM) light channel
of o = 100 photons/slot corresponds to p = 12.5 photons/bit
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